We are used to thinking of polynomials as very special functions, and with good reason when the domain and range are the real numbers or the rational numbers. However, the situation can be counterintuitive over other rings: over finite fields, for example, every function is a polynomial! It can thus be interesting to look at familiar functions over less familiar rings and find out what sort of polynomial represents them.
represents the transposition (0 1) over Z p , that is,
(For the even prime p = 2 we can take simply f (x) = 1 − x.) Although this is certainly true, we know (see Fact 2 below) that any function from Z p to Z p can be represented uniquely by a polynomial of degree at most p − 1. Since the polynomial (1) has degree (p − 2) 3 , it is not in this canonical form when p ≥ 5.
As it happens, the natural question of which polynomial of degree at most p − 1 represents the transposition (0 1) over Z p has quite a nice answer: Theorem 1. For all odd primes p, the polynomial
represents the transposition (0 1) over Z p , that is, the congruences (2) are all satisfied.
By a linear change of variables, we see that any transposition (a b) of elements of Z p is represented by an analogous polynomial in
(4) To prove Theorem 1, we need the well-known fact alluded to earlier, for which we give two proofs, each standard. Proof. To prove the claim of uniqueness, we notice that two polynomials f 1 (x) and f 2 (x) represent the same function over Z p if and only if (
is a unique factorization domain, and so f 1 − f 2 must be divisible by the product ∏ p−1 a=0 (x − a). In particular, this divisor has degree p, so if f 1 and f 2 have degree at most p − 1, then they must be equal.
It is therefore enough to prove every function from Z p to Z p is represented by at least one polynomial of degree at most p − 1.
Proof 1: Since t p−1 ≡ 0 or 1 (mod p) according to whether or not t ≡ 0 (mod p) by Fermat's little theorem, we can write
and the right-hand side is clearly a polynomial of degree at most p − 1.
Proof 2:
There are p p polynomials of degree at most p − 1, and by the uniqueness proved above, each one represents a different function. But there are exactly p p functions from Z p to Z p as well. Therefore every function must be represented by such a polynomial.
Although we didn't need to know it in the proof of Fact 2, it happens that the product
) to the simple polynomial x p − x. This is true because every integer a is a root of the latter polynomial by Fermat's little theorem, and by unique factorization we again conclude that ∏ p−1
; since the two polynomials have the same degree and leading coefficient, they must be equal. By dividing both sides by x, it follows also that
as polynomials in Z p [x] . In fact, we have shown that two polynomials in Z p [x] represent the same function if and only if they differ by a multiple of x p − x. Certainly it isn't obvious that the difference of the two polynomials (1) and (3) has x p − x as a factor! Of course, this conclusion relies on Theorem 1, and so we prove it now.
Proof of Theorem 1. Notice that
(the first equality holds over any ring R, while the second, a rearrangement of (6), is particular to Z p ). Therefore the left-hand side yields 0 (mod p) when x equals any of the integers a = 2, 3, . . . , p − 1. If we now define
However, the values f (0) = 1 and f (1) = p ≡ 0 (mod p) are easy to calculate. We see that f (x) represents the transposition (0 1) as claimed.
Both proofs generalize (the first one more readily) to show that the polynomial representing the function f has degree equal to p − 1 − k if and only if
Note that the polynomial representing any permutation σ of the elements of Z p (not only a transposition) has degree at most p − 2, since ∑ 
